Abstract -We present in this paper how the 2D Finite Element Method may be optimized in order to get real time solving for Computer Aided Education applications. Three examples of such packages are described: the first one is used by students to understand the distribution of the magnetic field in a nonlinear magnetic circuit. The second one allows to understand the distribution of eddy currents in a conductive and magnetic sheet, and the third one is used to approach the flux density repartition in DC motors.
I. INTRODUCTION
11. THE SPEED OPTIMIZATION OF THE F.E.M.
The traditional teaching of electrical engineering is facing the problem of using only abstract notions like charges, fields or induced currents in materials. Furthermore, these notions are manipulated using even more abstract vector or differential operators. This is one of the-main reasons why most students in the domain of electricity do not have a deep understanding of the basic principles, even if they are able to solve standard problems.
We have now the possibility to use the fantastic power of the today's desktop computers to find new and more intuitive representations of the studied phenomena. This offers to the students easy-to-use and highly interactive software packages and lead them to understand intuitively and deeply the most basic laws and notions.
The main problem, when designing such an application, is to give an instant response to any modification of parameters: any user interaction has to cause a modification of the displayed results in a sufficiently short delay. Therefore, a judicious solving method has to be chosen depending on:
The quantities that the teacher wants to show.
0
The range of input parameters.
The time needed to solve the problem. The CEGELY is involved in the field of the Computer Aided Education (C.A.E.) for Electrical Engineering since a few years [l] . Table 1 shows how the solving method has been chosen depending on the nature of the application. In some cases, the choice of an analytical solving is obvious [2] . On the other hand, the finite element method (F.E.M.) is more adapted, especially when local quantities have tu be The F.E.M. by itself is well known for 2D magnetostatics or eddy currents problems, and it does not lead to any particular difficulty [3] . Main work concerns actually the optimization of the implementation of the F.E.M. in order to minimize the solving times. This is the key point: on one hand, for C.A.E. considerations, great accuracy in the displayed results is not necessary; on the other hand, fast solving time is required to allow a real feedback.
To achieve this objective, following points are respected:
The discretization is performed using first order triangles. The structure of the mesh does not vary, which means that the structure of the F.E. matrix does not vary: the matrix is consequently prestored. The mesh is structured. Only the vertical location of some nodes may vary: in the airgap (Contact), or in the skin depth (Coufou).
All local sub-matrices are precomputed, except the submatrices corresponding to elements which can be modified: in the airgap (Contact), or in the skin depth (Coufou).
The nested dissection renumbering algorithm [4] is used to solve the system matrix. In non linear cases (Contact or Motcc), the initial solution is taken from the previous state of the magnetic circuit, thus decreasing the number of needed iterations.
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0018-9464/98$10.00 0 1998 IEEE The studied device is the magnetic circuit of a double-U shaped contactor The magnetic field is created by one or two DC coils With this type of application, we expect the students to understand the magnetic phenomena, including the influence of the saturation, to get the range values of these phenomena, and to understand some physical concepts, such as Ampere's law Using the corresponding arrow buttons (Fig 3) , the students can modify geometrical parameter (the airgap), electrical parameters (the current and the number of turns of both coils), and magnetic parameters (the relative permeability at the origin of the B-H curve, and the flux density at saturation for both arms of the contactor). As results, they visualize the amplitude of the flux density and the field lines They have also access to a real time updated table of results, showing field values, flux through airgap, energies (Fig 3) With Contact, a 2D nonlinear magnetostatics problem is solved The nonlinear equation is linearized by using the chord method [a] A relaxation factor is used to force the convergence This method is generally seen as highly inefficient, because the convergence depends on how close the initial guess is to the actual solution.
However the variations of parameters are always smooth due to the interactivity with the user Therefore the actual solution is never far away from the initial guess, and the number of iterations is then reduced Only half of the geometry is discretized because of the vertical symmetry Four layers of mesh are used in the airgap, because it can vary from 0 1 mm to 45 mm The mesh is then made of 468 triangles and 270 nodes (Fig 1) On a mid-range workstation with a 75 Mips computation power (HP9000/712), a linear solution takes about 30 ms to be computed, and a nonlinear solving goes up to 250 ms if 8 iterations are required to converge (Table 11) Note that these CPU times are compatible with the maximum delay required by a smooth animation. The same basic idea as developed for Contact is used for Motcc. The studied device is the magnetic circuit of a DC motor with rotor, stator and compensation windings. The students can modify the current in each winding. They visualize the amplitude of the flux density (Fig. 4) .
They can study : The armature reaction (in particular the flux density repartition in a pole and the saturation of a part of the pole).
The action of the compensation winding for solving the previous problem. The nonlinear magnetostatic equation is solved by using the chord method, and the initial guess of the iterative process is the solution o f the previous magnetic state.
There is a symmetry along the horizontal axis. The mesh is made of 407 nodes and 720 triangles (Fig. 2) , leading to a 50 ms linear solution and up to 1 s in the strong nonlinear cases (Table 11 ).
Iv. THIRD EXAMPLE: THE COUFOU PACKAGE
The objective of CouFou is to allow students to understand intuitively how the eddy currents are created and distributed in a single sheet excited with a cylindrical coil when varying parameters such as conductivity and permeability of the sheet, coil sizes or excitation frequency [5] . Thus, following points are tackled:
How is flux modified with a magnetic / non magnetic material, or with a conductive / non conductive material (Fig. 5) ?
How does the frequency modify the distribution of the flux and the current density? How is the eddy current distribution modified with all the previous properties? Here, all materials have linear properties. From Maxwell's equations, a complex problem is expressed in term of potential magnetic vector A. The mesh structure does not vary except in the sheet where the size (but not the number) of the triangles is calculated in function of standard penetration depth 6. For each new value of frequency, conductivity or permeability, a new discretization in the sheet is done in such a way that there are two triangles between the top of the sheet and a depth of 6 .
The structure of the final finite element matrix is then prestored.
On a mid-range workstation with a 75 Mips computation power, the solving time is about 0.3 s, which is also compatible with "real time" (Table 11 ). 
CONCLUSION
We have presented in this paper how the F.E.M. has been optimized in order to be used in Computer Aided Education packages: this optimization allows to solve a problem in a few milliseconds which is compatible with a smooth animation of the displayed solution. Three examples have been presented: Contact and Motcc, which are currently used at Ecole Centrale de Lyon in conjunction with an introdutory course to electrical engineering, and Coufou, which is used in a short course on non destructive testing. 
